Abstract. We study the Ginzburg-Landau energy of a single vortex and prove a quantitative estimate for the anisotropy of the stress-energy tensor. In particular we establish an asymptotic rate of equipartitioning of the energy along each direction. By means of an explicit example, this rate is shown to be optimal up to a constant. The result has applications in the study of the nonlinear wave equation and Ginzburg-Landau heat flow.
In this note we prove a quantitative bound on the equipartition of energy in the Ginzburg-Landau functional E ε (u) = for u ∈ H 1 (B 1 ; C) such that u has winding number equal to ±1 about some point in the unit ball B 1 ⊂ R 2 . It has been known since the work of BethuelBrezis-Hélein [1] that such u concentrate with energy π |log ε| + O(1). Later it was shown by F.H. Lin in [12] that the energy of the vortex splits evenly in the limit, i.e. In this note we prove an optimal equipartition of energy result for a small but fixed ε. In particular we state where K 1 = C(C + K 0 )e K 0 /π and C is a universal constant.
The Jacobian J(u) = det ∇u is a fundamental quantity in GinzburgLandau asymptotics, as it provides a natural way of locating vortices [7] . One can also write J(u) = 1 2 curl j(u) where j(u) = (iu, ∇u). The expression (·, ·) denotes the scalar product in C ∼ = R 2 .
Remark 1. The results implies that the fluid tensor ∇u ⊗ ∇u is essentially diagonal, i.e.
Remark 2. The error |log ε| is optimal due to the example constructed in Lemma 2.
We finish the introduction with two applications of Theorem 1. The first application of our estimate on the stress-energy tensor is found in a recent result of Jerrard [4] , where the author studies the relationship between the Ginzburg-Landau wave (GLW) equation
, and the timelike minimal surface problem in Minkowski space. More precisely, he proves in effect that given a timelike minimal surface Γ of codimension 2, if u is a solution of (2) whose energy-momentum tensor is initially close in some sense to that of Γ, then the energy-momentum tensors remain close as long as Γ remains smooth. This implies that the energy of u concentrates around Γ, and also gives quite precise information about the way in which it concentrates. Our estimate is used in his argument to deduce, from simpler energy estimates, quantitative control over the distance (in W −1,1 ) between the two energy-momentum tensors that one wants to control. The resulting estimate can be viewed as a quantitative statement, valid for fixed ε > 0, that implies convergence of energymomentum tensors (which is related to varifold convergence) in the limit as ε → 0. Without our estimate, the author of [4] would only be able to establish energy concentration, and to show weak convergence of energymomentum tensors in the limit as ε → 0, under more restrictive hypotheses than are needed for the quantitative W −1,1 estimates. These more restrictive hypotheses would genuinely be necessary, since one can produce explicit examples of sequences of solutions to which the W −1,1 estimates apply for each ε, but such that the energy-momentum tensors do not converge in the limit to the energy-momentum tensor associated with a timelike minimal surface. These examples are related to the hyperbolic character of the equations under consideration, which allows propagation of oscillations that can complicate weak convergence. The second application of Theorem 1 is a quantitative estimate of the kinetic energy of a vortex moving in the Ginzburg-Landau equation
The vortex motion law for this parabolic equation has been long established in the limit, see [11] and [8] . Later refinements of [2, 15] use a limiting estimate on the kinetic energy. Here we can estimate a discrete form of
ds in terms of the PDE kinetic energy at a fixed, but small, ε. We note that we cannot provide a fixed ε bound on t 0 ξ 2 ds since the vortex positions ξ(s) may jump around at the ε level. Finally, we note that our result can also be used to prove fixed ε kinetic energy bounds for vortices in (2) when the domain is two dimensional.
Equipartition of energy
proof of Theorem 1. For the diagonal elements |∂ x u| 2 and |∂ y u| 2 , we quote Lemma 1 below. On the other hand we need to control the L 1 norm of (∂ x u, ∂ y u).
We have two cases. On the one hand if the first term is larger then
where
, for a universal constant C, is defined below. On the other hand if the second term is larger then 1
where we used Lemma 1 below in both estimates. Finally, redefining K 1 with a larger C yields (1).
The following lemma is the crucial estimate used above. It relies on the refined Jacobian estimates of [9] .
and B 1 e ε (u)dx ≤ π |log ε|+ K 0 then for any unit vector e we have
and C is a universal constant. Furthermore, we have the upper bound
and (6) B 1 e ε (|u|)dx+
We define also
We note that T 1 \T 1 ⊂ {r such that inf ∂Br |u| < 1/2} and from (6) and Lemma 3.6 of [9] we see that (7) {r such that inf
Therefore, working with T 1 is nearly equivalent to working with T 1 . From the proof of Proposition 4.2 in [9] we have T 1 ≥ 1 2 − εK 1 where
and hence from the above and (7) (8)
The middle term integrates to zero by the definition of φ; therefore,
where K 1 is defined above. Using the above, (7), and (8) we find after a short calculation that
Therefore, by (9) and (10) we have (11)
3. Consider first a lower bound on ∂ x u 2 L 2 . By a similar decomposition as in Step 2 we have
From (10) we find
Next we estimate |B| using ab ≤ 2α and (11).
. The bounds on A and B yields
We follow the same argument to establish a similar lower bound for
Combining these two bounds yields (3). 4. Finally, for the upper bound we use our lower bound (3). In particular
Combining these two results yields the upper bound (4).
Finally, we show that the rates are optimal.
Lemma 2. There exists a sequence of maps {u ε } that satisfy J(u ε ) − πδ 0 Ẇ −1,1 (B 1 ) ≤ Cε and B 1 e ε (u ε )dx = π |log ε| + C but B 1 (∂ x u ε , ∂ y u ε ) dx ≥ C |log ε|.
Proof. We are inspired by an example of R. Jerrard in [5] . Set
for r ≤ ε Hence,
Next we compute the bound on J(u ε ). By the construction of the u ε we see that Br J(u ε ) = π for all 0 ≤ r ≤ 1. Note that if w = ρe iφ then by a quick calculation, J(w) = ρ∇ρ × ∇φ. This implies that J(u ε ) ≡ 0 in B 1 \B ε by construction. On the other hand in B ε we find |J(u ε )| = 1 ε 2 r∇r × ∇θ (1 − 2α ε sin(2θ)) ≤ 1+2αε ε 2 . Choose φ such that |∇φ| ≤ 1 then
yields the correct bounds in (12) and (13).
Remark 3. We note that the perturbation of the vortex solution is by the second Fourier mode, cos(2θ). This is, in fact, the only Fourier mode that creates excess energy in the diagonal term of the energy stress tensor.
Kinetic energy estimates
Consider the Ginzburg-Landau heat equation
Based on the equipartition of energy we can prove a kinetic energy bound for fixed ε. Similar bounds with errors of the form o ε (1) can be found by Lin in [12] , Jerrard in [6] , and Sandier-Serfaty in [14] . The natural norm to measure the error in vortex position is
Theorem 2. Let u be a solution to (14) , and suppose J(u(s))−πδ ξ(s) Ẇ −1,1 (Ω) ≤ ε 1/2 and eε(u)
and dist(ξ(s), ∂Ω) ≥ 2σ > 0 for all 0 ≤ s ≤ t, where σ and t are fixed numbers. Then the paths ξ(s) satisfy a discrete kinetic energy bound
where δ = O(|log ε| −β ) with 1 3 > β, and the constant C depends on K 0 and σ.
Remark 4. Though the hypotheses seem strong, they are typical of the type of control that one can expect in a dynamical Ginzburg-Landau equation. In fact one can typically prove that J(u(s)) − πδ ξ(s) Ẇ −1,1 (Ω) ≤ Cε 9/10 , see [10] , and
≤ C |log ε| −1 , see [3] . Here we assume much more conservative estimates.
Remark 5. Theorem 2 can be generalized to multi-vortex configurations using related results in [10] .
Remark 6. A similar discrete, finite ε kinetic energy bound can be established for vortices in the Ginzburg-Landau wave equation (2) on a domain Ω ⊂ R 2 . This, in turn, can be used to establish a finite ε vortex dynamics.
Proof. We use an idea of F.H. Lin [12] to use the conservation of energy, along with our energy equipartition result. 1. Conservation of energy identity implies
At a time t we find
and so
by assumption on the energy. Next for any ε < r ≤ 1/2 we have from Theorem 1.3 of [9] Br
and from Lemma 6.8 of [9] we have γ − I(r, ε) − π log r ε ≤ C ε 2 r 2 where γ is a universal constant defined in [1] . If we restrict r = σ ≤ 
where C = C(K 0 , σ).
Consider now a single vortex moving in our domain that stays at least a distance ≤ 2σ ≤ 1 from ∂Ω. We define the domain
then it is easy to see that |∇φ| ≤ C where C = C(σ, Ω). Multiplying (16) by φ and integrating over space and on the time interval
In the next step we bound these three terms.
2. We now consider the term v k,δ,ε . In particular
We now need a sharp bound on V in L 1 space and time. Since V = σ (∂ u,∂tu) π|log ε| in Ω σ , we can use Lemma 1 to control V. So
3. Combining (17), (19), and (20) yields
and hence for δ ≤ 1
Squaring both sides and using that .
From Theorem 2 we have the following limiting result which has been proved in [12, 6, 14] . Corollary 1. Let {u ε } be a sequence of solutions to (14) with a vortex located at ξ ε (s) such that dist(ξ ε (s), ∂Ω) ≥ 2σ > 0 for all times 0 ≤ s ≤ t.
Then for any t > 0 we have Therefore, for any 0 < a < b we find ε 0 small enough so that |ξ ε (b) − ξ ε (a)| ≤ C |b − a| for all ε ≤ ε 0 , where C depends on ρ . Letting ε → 0 shows that ξ ∈ Lip[0, t]. We now use (21) with δ = t |log ε| β with a β < 
